high-speed interconnects is required in the design phase. However, interconnects cannot simply be treated as a collection of lumped elements (capacitors, inductors, resistors) at high frequencies. Instead, their distributed behavior must be accounted for by using electromagnetic theories. Therefore, a good portion of signal integrity (SI) measurements involves accurate characterization of passive components in the frequency domain using a vector network analyzer (VNA) [2] .
In modern high-speed designs, most of the devices under test (DUTs), such as connectors, vias, cables, and traces on a package or a printed circuit board (PCB), do not have coaxial interfaces. This presents a challenge to measure the performance of these devices using test equipment (e.g., VNA) that requires coaxial interfaces. A solution is to use a test fixture that acts as an interface between the coaxial and noncoaxial transmission lines. However, these fixtures can have a significant effect on the overall quality of measurements, especially in the high-frequency region. A challenge particularly critical in SI measurements is to properly remove the effects of test fixtures. The removal of test fixture effects can be done by calibration or de-embedding.
Calibration methods treat the test fixture effects as part of the systematic errors of the test equipment (e.g., VNA), and use some specified calibration standards to determine the error terms. Once these error terms are quantified, the effects of the test fixtures and other instrument errors can be mathematically removed.
De-embedding techniques usually use mathematical models of the embedded test fixtures to extract the final scattering parameters (S-parameters) of the DUT from the overall measurement. A typical assumption in de-embedding techniques is that the error networks are reciprocal. Therefore, de-embedding techniques cannot be used to eliminate the effects of test fixtures until after the systematic errors of the test equipment are removed by calibration.
Nowadays, the most popular fixture de-embedding approach used in industry is the combination of short-open-load-thru (SOLT) calibration technique [3] and "2x-Thru" de-embedding technique, e.g., smart fixture de-embedding [4] . The SOLT calibration technique is usually integrated into the ECal module of VNA to conveniently move the reference planes to the end of the cables.
As the name implies, SOLT uses "Short," "Open," "Load," and "Thru" as the calibration standards. All of these standards 0018-9375 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
used in SOLT should be exactly specified in advance. The calibration accuracy of SOLT depends heavily on the accuracy of the specification of these physical standards. It is very difficult to fabricate accurate broadband standards on PCBs. Therefore, SOLT is rarely used to directly remove the effects of test fixtures built on PCBs.
In spite of the convenience and simplicity of the "2x-Thru" de-embedding technique, it cannot be used in applications that have a very high accuracy requirement. Since the "2x-Thru" deembedding technique [5] uses only one 2X-Thru structure (two test fixtures directly connected together) to get the models of the test fixtures, it relies on some assumptions (e.g., reciprocal) to reduce the unknown items.
Among all the calibration and de-embedding methods, thrureflect-line (TRL) [6] , [7] is commonly considered one of the most accurate techniques, and can even be used as a benchmark to evaluate the accuracy of new emerging methods. Therefore, the errors that may affect the accuracy of TRL need to be carefully considered. When the operating frequency goes much higher, the errors that are usually neglected in low-frequency applications must be taken into account. One such example is the variation in characteristic impedance among the line standards. To the authors' knowledge, the effect of impedance variations among calibration standards on the TRL calibration technique has not yet been studied.
In this paper, a detailed error analysis of PCB TRL calibration is performed, and two error estimation equations for the TRL calibration constants are proposed to predict the error caused by the characteristic impedance variation between "Thru" and "Line."
Error analysis of TRL has been studied for different aspects. The susceptibility of the TRL technique to the connection nonrepeatability random error was reported in [7] [8] [9] . An exhaustive error analysis of the nonrepeatability connection errors was carried out in [7] . A model of random connection error was introduced and a multiline method was proposed to minimize the effects of these random connection errors based on a minimum-variance method, which made full use of the redundant transmission line standards. The effects of the length of "Thru" on the sensitivity of TRL to the random connection errors were investigated in [8] . The transmission errors caused by the fixture inconsistencies between "Thru" and "Line" were studied in [9] , where it is found that a small fixture error can be accounted for as a multiplicative transmission error.
The systematic errors caused by the inaccuracy of the determination of standard transmission line characteristic impedance were considered in [10] , [11] . A more accurate method to extract the characteristic impedance of transmission line was introduced in [10] . However, the proposed method still assumed that the transmission lines used in the TRL standards were the same. The impact of systematic errors in coplanar waveguide TRL calibration on the equivalent circuit parameters of the DUT was studied in [11] .
The main contributions of this research are twofold. First, it can give engineers a guideline to maximize TRL's error immunity to the transmission line characteristic impedance variations in the design phase. Second, it can help engineers This paper is organized as follows. An analytical derivation of the error estimation equations for the TRL calibration constants is presented in Section II. In Section III, two simulation cases are used to validate the proposed error equations. The effects of different factors on the calibration constants errors, and the effects of impedance variations on the "Reflect" standards, as well as on the final de-embedded results, are discussed in Section IV. Finally, conclusions are given in Section V.
II. FORMULATION

A. Case Definition
In practice, multiple lines are usually used in TRL. In this paper, only one single pair of lines (i.e., "Thru" and "Line") is considered. The error analysis performed below can be applied to the multiline case effortlessly.
The transmission line used in the "Thru" standard can either be zero length or nonzero length. The impedance variation issue only exists in the nonzero length "Thru" case.
There are a variety of errors that can affect the accuracy of TRL. In order to analyze the errors caused by the transmission line characteristic impedance variations, it is assumed that the error networks in all standards are kept the same. In other words, there are no other sources of errors (e.g., nonrepeatability connection error, fixture inconsistencies, etc.) except for the impedance variation error.
In order to simplify the error analysis, it is assumed that the PCB is homogeneous, and that all the fabricated transmission lines have the same propagation constant in spite of different characteristic impedances.
In the following error analysis process, "Thru" is used as the benchmark (no error exists) and "Line" is the standard that contains the impedance error, as shown in Fig. 1 .
Herein, the standards whose characteristic impedances are different from "Thru" are called nonideal standards, otherwise ideal standards. The relative impedance error of the nonideal standard (compared to "Thru") is expressed by an impedance variation coefficient k. k is usually a frequency-dependent complex number, just like the characteristic impedance of the transmission line.
In order to make "Thru" a nonreflecting line, the system reference impedance is set to be the same with the characteristic impedance of "Thru," i.e., Z ref . 
B. Impedance Transformers for Nonideal "Line"
In this section, an impedance transformation method [12] is introduced to make the nonideal "Line" to be ideal (i.e., have the same characteristic impedance with "Thru").
As shown in Fig. 2 , with the addition of two virtual ideal impedance transformers at the two ends of the "Line," the characteristic impedance of the transmission line can be changed from Z c , i.e., The impedance transformer method can be demonstrated clearly by using the ABCD parameters. As shown in Fig. 2(a) , the ABCD parameter matrix of the nonideal transmission line can be expressed as
where γ and l j are the propagation constant and the transmission line length of the "Line," respectively. As shown in Fig. 2 (b), the ABCD parameter matrix of the equivalent ideal transmission line, the left-hand side impedance transformer, and the right-hand side impedance transformer can be expressed as
Therefore, the relationship of the nonideal transmission line and the equivalent ideal transmission line can be expressed as
When expressed in scattering transfer parameters (Tparameters) form, with a reference impedance of Z ref , (5) can be rewritten as
where
and T j is the actual T-matrix of the nonideal "Line," L j is the T-matrix of the equivalent ideal "Line" (converted from the expression of A L ), and T F1 is the T-matrix of the left-hand side impedance transformer (obtained from A F1 ).
From (7), it can be seen that (6) has the form of an eigenvalue problem [13] , where L j and T F1 are the eigenvalue matrix and eigenvector matrix of T j , respectively. There may be different expressions for T F1 , since the eigenvectors are not unique.
To associate the impedance transformation with a physical meaning, (6) can be rewritten as [14] , [15] 
Γ is the reflection coefficient of the nonideal "Line," with respect to the reference impedance of Z ref .
If T Γ is expressed as
where I is the identity matrix, and
Combining with (12) and (14), (9) can be rewritten as
where the Γ items represent the imperfections of the nonideal "Line."
For the ideal "Thru," the corresponding reflection coefficient is zero, and the T-matrix of "Thru" is simply given by
where γ and l i are the propagation constant and the length of "Thru," respectively. It should be noted that if the reference impedance does not equal to the characteristic impedance of "Thru," then T i should also include the T Γ items. However, it does not matter if "Thru" and "Line" have the same characteristic impedance, for that T Γ can be modeled as part of the error network [14] .
C. Error Analysis
Based on previous analyses, the measured S-parameters of "Thru" and "Line," expressed in T-parameters form, can be expressed as
where X, Y,T i , and T j are the T-matrices of error network A, error network B, the transmission line in the "Thru," and the transmission line in the "Line," respectively.
A solution in terms of the error network A is obtained by substituting for Y in (17) and (18):
In the TRL calibration techniques [6] , [7] , [13] , [14] , T ij is always assumed to be diagonal to get the first two calibration constants, i.e., c/a (or a/c) and b, where ra, rb, rc, and r are the entries of X, where
However, if the standards or the connections are imperfect, then T ij is not diagonal and errors will be introduced into the calibration constants c/a and b.
The main goal of our study is to find out the effect of the nonideal line (the characteristic impedance of which is different from the "Thru") on the calibration constants c/a and b.
In the ideal case, where the characteristic impedance of "Thru" and "Line" are the same, T ij reduces to
As for the nonideal case, T ij can be obtained by inserting (15) and (16) into (21):
Comparing the differences between T ij and L ij , we can get the perturbations of T ij caused by imperfection of the "Line," which can be expressed as
The sensitivities of c/a and b to the T ij errors have been studied in [7] . By replacing the error items of T ij with (26), we can easily get the error items of c/a and b caused by the characteristic impedance variation of the "Line," instead of the connection nonrepeatability [7] :
(28) From (27) and (28), the conclusions can be drawn that there are three contributing components (three multipliers) in the calibration constants error equations:
where the () Ebox items are related to the parameters of the error networks, named the error box contribution; the () phase items are dependent on the phase of transmission line standards, denoted the phase contribution; and the () Γ items are determined by the impedance variation between "Line" and "Thru," called the impedance variation contribution.
III. VALIDATIONS
First, the error equations (27) and (28) are validated by a totally ideal numerical example, where all the parameters can be completely specified or calculated.
After then, a complicated simulation case (as a substitute for the practical measurements) is used to support the conclusions of our research. Even though it is more persuasive to verify the error equations with measurements, there is no effective way to do so at present. For one thing, there are so many restrictions (e.g., the manufacturing issues, the measuring issues, the deembedding issues) that it is almost impossible to get the true parameters of the error networks. For another, the characteristic impedance variation issue may be swamped out by other error sources due to the limitations of the present manufacturing and measuring technologies.
Since the error equations of c/a and b are very similar, only the error of c/a is focused on in this section.
The common setups of these two examples are as follows:
1) The absolute length of the "Line" is three times its relative length, which means l j = 3(l j − l i ). 2) A frequency range is chosen to limit the insertion phase difference between "Thru" and "Line" to be within 180°.
3) The reference impedance of the system is set to be the characteristic impedance of the "Thru" (Z ref ).
A. Lossless Transmission Line
The first example is based on a circuit simulation, and deals with an ideal case, where the error network A is modeled as a series inductance cascaded with a shunt capacitance, and all the transmission lines are lossless.
Models of error network A and the transmission line standards are specified by their ABCD parameters according to [16, 
where the subscripts X , Li , Lj , and T j stand for the error network A, "Thru," ideal "Line," and nonideal "Line," respectively; L and C are the series inductance and shunt capacitance of the error network A, respectively, with L = 0.3 nH and C = 1 pF;
Z ref is the characteristic impedance of both the "Thru" and the ideal "Line", with Z ref = 50 Ω; Z c is the characteristic impedance of the nonideal "Line," with Z c = 45 Ω (k = -0.1); t di and t dj are the time delays (which are usually used to define the length of lossless transmission line) of the "Thru" and "Line," respectively, with t di = 100 ps and t dj = 150 ps; f is the operating frequency, which ranges from 10 MHz (where the insertion phase is about 0°) to 9.91 GHz (where the insertion phase is about 180°) with a step size of 100 MHz.
T-matrices of the error network A, "Thru," ideal "Line" and nonideal "Line" (i.e., X, L i , L j , and T j ) are obtained by the conversions of the two-port network parameters [15] . M ij is modeled as
Herein, the absolute difference between the calculated c/a (obtained from M ij ) and the true c/a (obtained from X) is denoted as "c/a error-simulation." The product of all the c/a error
and Z c ), as shown in (27), is called the estimated c/a error, denoted as "c/a errorequation."
The comparison between the "c/a error-simulation" and the "c/a error-equation," as well as two contributing components of the c/a error equation, are plotted against the insertion phase of the "Line" in Fig. 3 .
From Fig. 3(a) , it can be seen that the "c/a error-equation" curve almost superimposes the "c/a error-simulation" curve, which means the proposed error equations can make a good estimation of the calibration constant error that is caused by the characteristic impedance variation between "Thru" and "Line."
As aforementioned in Section II-C, there are three factors that may affect the c/a error: the error box contribution (29), the phase contribution (31), and the impedance variation contribution (33). In this ideal case, the contribution of the impedance variation (absolute value) is a constant number, i.e., 0.0528. The effects of the error box contribution and the phase contribution are shown in Fig. 3(b) and (c), respectively.
Comparing Fig. 3(a) with Fig. 3(b) and (c), we can get the following main conclusions: first, the reason why the c/a error at low frequency is larger than at high frequency is that the magnitude of (29) diminishes with frequency; second, the phase contributions to the c/a error are larger when the insertion phases go closer to 0°or 180°; third, the c/a error could even be zero in spite of the impedance variation, on account of the phase contribution component.
B. Lossy Transmission Line
In this section, a more realistic case is considered. Different from the ideal case, all of the models are based on threedimensional (3-D) model simulations. In other words, models of the error network A, "Thru," ideal "Line," and nonideal "Line," are obtained from 3-D simulation results (S-parameters). In addition, the transmission lines are lossy instead of lossless.The definition of the error network A is shown in Fig. 4 . The error network A is modeled as a test fixture which includes a 2.4 mm coaxial connector and an optimized via transition structure [17] , [18] , as shown in Fig. 4(a) . The S-parameters of the error network model (simulation results obtained from high frequency structure simulator (HFSS)) are shown in Fig. 4(b) and (c) .
The exhaustive information of this 3-D HFSS model of the error network A is omitted here. For one thing, there is no need to make the error network model to be exactly the same as ours to repeat the verification work, as long as the S-parameters (or other two-port network parameters) of this error network model are completely specified. For another, it is difficult to describe all the details of this 3-D HFSS model due to lack of space.
The transmission lines are simulated by a 2-D cross-sectional tool and SPICE. As shown in Fig. 5(a) , the transmission line is modeled as a strip line. The characteristic impedance difference between the ideal standards and the nonideal standards is made by varying the signal width (w1). Similarly, the models of these transmission lines also need not to be the same as ours, as long as the parameters (e.g., S-parameters, characteristic impedance) are completely known.
As a reference, some key information of these transmission line models is provided: the thickness of the copper layer is 0.6 mil; the relative permittivity and the dielectric loss tangent of the dielectric are 3.54 and 0.0173, respectively; the signal widths of the ideal standards and the nonideal one are 3.6 and 3.9 mil, respectively; the lengths of "Thru" (l i ) and "Line" (l j ) are 1 and 1.5 inch, respectively.
The characteristic impedance (magnitude) of the "Thru" as well as the ideal "Line" (Z ref ) is shown as the red line in Fig. 5(b) , and the characteristic impedance of the nonideal "Line" (Z c ) is shown as the black line in Fig. 5(b) .
In order to get X, L i , L j , and T j , the S-parameters (obtained directly from the simulation software) of the error network A, "Thru," ideal "Line" and nonideal "Line" are first renormalized to Z ref (also comes from the simulation software), and are then converted to the corresponding T-parameters.
The following validation procedures are very similar to the lossless case, no more tautology here.
As shown in Fig. 6(a) , where the frequency ranges from 10 MHz to 6.21 GHz, the c/a error prediction agrees very well with the simulation. Same as the previous lossless case, both the error network and the phase contributions play a role in the final c/a error.
In this case, the impedance variation contribution, as shown in (33), is a frequency-dependent complex number, the average magnitude of which is 0.0187 in the given frequency range (i.e., 10 MHz to 6.21 GHz). As for the error network contribution, it is relatively larger at high frequency instead of low frequency. The phase contributions of the lossy case are almost the same with the lossless case, except that there is a slight asymmetry in the lossy case.
In addition, the feature selective validation technique [19] [20] [21] has been employed to compare "c/a error-simulation" and "c/a error-equation" datasets in Figs. 3(a) and 6(a) , where the values of grade and spread are 1 (best quality) and 1 (best quality), respectively, in both cases.
IV. DISCUSSION
In this section, the effects of the contributions of the error equations are discussed. The effects of the characteristic impedance change in the "Reflect" standard are included as well.
A. Effects of the Error Box Contributions
Considering relationships of T-parameters and S-parameters
and the expression of X, which is shown in (22), we can get the physical meanings of a, b, and c Therefore, (29) and (30) can be rewritten as
In the ideal case, the modulus of ΔS A is equal to 1, see [22, Eq. (6) However, in the lossy case, since the error network A is not a lossless network, the modulus of ΔS A is not equal to 1, and the effects of the error box contributions to the c/a error and b error are different: the error box contributions to c/a errors increase with frequency, whereas the error box contributions to b errors decrease with frequency.
B. Effects of the Phase Contributions
With some further derivations, (31) and (32) can be rewritten as
where Δl = l j − l i , l i and l j are the lengths of "Thru" and "Line," respectively, and γ is the propagation constant. If the transmission lines in the "Thru" and the "Line" are lossless, (45) and (46) are simplified as
where β is the phase constant (the imaginary part of γ) of the transmission line, ϕ j is the absolute phase of the "Line," and ϕ is the insertion phase of the "Line" (the difference between the absolute phases of the "Thru" and the "Line"). Denoting the ratio of l j and Δl by t (i.e., t = l j / Δl), (47) can be rewritten as
From (48), we can see that the lengths of the "Line" and the "Thru" can affect the distributions of the calibration constant error. As shown in Fig. 7 , if t is an integer number, the absolute phase contributions are symmetric with regard to the vertical axis where the insertion phase (ϕ) is equal to 90°. It is clearly seen that the maximum value occurs at the two ends, where the insertion phase of the "Line" is 0°or 180°.
If the insertion phase of "Line" is limited to be between 20°a nd 160°, just as in common practice, the phase contribution will be limited to be between 0 and 2.92. The maximum value of the phase contribution occurs when the numerator of (48) reaches the peak and at the same time, the denominator reaches the minimum, e.g., when ϕ = 20°and t = 4.5. If the phase band is made narrower, the maximum value of the phase contribution will also become smaller.
The distributions of the phase contributions in the lossy case are slightly different from the lossless case, because of the effect of the attenuation constant.
C. Effects of the Impedance Variation Contributions
By inserting (11) into (33), the impedance variation contributions can be expressed as
where k is the impedance variation coefficient. It can be seen that the larger the impedance variation (the larger the absolute value of k), the larger the contributions to the calibration constants errors.
In reality, the PCB manufacturing error is usually limited to be ±20%, which means that the impedance variation coefficient k usually ranges from -0.2 to +0.2, and the absolute value of the impedance variation contribution is less than 0.1125.
D. Others
In order to complete the calibration, measurements of an unknown "Reflect" termination on both ports are required. In fact, only approximate phase information of this termination is needed. Therefore, the impedance error of the transmission line that is embedded in the "Reflect" standard will not affect the final de-embedding results of the DUT.
To sum up, the characteristic impedance variations between the TRL standards merely introduce perturbations into the calibration constants (i.e., c/a and b), which will then propagate the errors to the calculated DUT S-parameters.
In general, the smaller the errors in the calibration constants, the smaller the errors in the calculated DUT S-parameters. Final errors in DUT depend not only on the calibration constants, but also on the parameters of the error networks as well as the parameters of the DUT itself. For example, increasing insertion losses of the error networks can reduce the errors in the calibration constants to some extent; however, a bad fixture (that has large insertion loss) can significantly amplify the sensitivities of the de-embedding algorithms to errors [23] , [24] .
The effects of the impedance variations on the de-embedded S-parameters of the DUT are so complicated that it is difficult to describe them by some simple equations. The sensitivities of TRL to the calibration constants errors will be discussed in the future work, and are not included here.
V. CONCLUSION
This paper proposes two error equations to estimate the calibration constants (i.e., c/a and b) errors that are caused by the characteristic impedance variations between the "Thru" and the "Line" standards of the TRL technique. First, two virtual impedance transformers are used to represent the imperfections introduced by the impedance variations in the error analysis process. Then, some conclusions from [6] are brought to obtain the final expressions of our proposed error equations. Finally, two simulation cases, i.e., the lossless transmission line case and the lossy transmission line case, are presented to verify the effectiveness of these error equations.
The calibration constants errors are found to be affected by three factors: the error network (test fixture) design, the length (phase) differences between the "Line" and the "Thru," and the level of the impedance variation.
The error analysis presented in this paper can help engineers estimate the errors and evaluate the reliability of the measured results. In addition, it can also provide some guidelines about how to design the TRL calibration standards to maximize the error immunity: The test fixture should be optimized to achieve the lowest insertion loss and the highest return loss; the lengths of the "Line" standards and their corresponding operating frequency range should be carefully chosen according to (48); the impedance variations between "Thru" and "Line" should be controlled to be as small as possible.
